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Abstract

Approximate analytic solution of capillary tube is valuable for theoretical analysis and engineering calculation. In
this work, two kinds of approximate analytic solutions of adiabatic capillary tube have been developed. One is the
explicit function of capillary tube length. Another is the explicit function of refrigerant mass flow rate. In these solu-
tions, the choked flow condition is taken into account without iterative calculations. The approximate predictions are
found to agree reasonably well with experimental data in open literatures.
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1. Introduction

The capillary tube is widely used as a throttling device
in the small-scale vapor-compression refrigeration equip-
ment such as room air conditioners, household refrig-
erators and freezers. It is simple, reliable and inexpensive.
A number of research works have been carried out since
1940 both in theory and experiment [1-3]. Especially in
the past 15 years or so, the capillary characteristics have
been widely studied with alternative refrigerants.

Numerical modelling and correlation play an impor-
tant role in the design of capillary tubes. The dis-
tributed-parameter model is the most popular model
used by the researchers because it is of the general
mechanism and acceptable precision [4-10]. However,
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the computation of the distributed-parameter model is
somewhat time-consuming and its program skills are
not easy for most engineers. It has therefore not been
widely used in engineering design. In contrast, the
empirical correlations are simple to calculate and prac-
ticable for engineering purposes. However, they are
available only in the range of regressive data and cannot
be arbitrarily extrapolated [10-14]. To balance the gen-
eralization and simplicity of the above two types of
models, a novel approximate analytical approach was
first developed by Yilmaz and Unal [15]. Their work is
valuable to simplify the distributed-parameter model of
an adiabatic capillary tube. In their work, however, the
reference point was not appropriately chosen and the
choked flow condition at the exit of the capillary tube
was not considered. This could lead to incorrect results
or failure in calculation. Zhang and Ding [16] analyzed
the existing problems in Yilmaz and Unal’s work and
gave some modifications. The modified model could be
in good agreement with the distributed-parameter one.
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Nomenclature
Cy, C, empirical constants, defined in Eq. (19)
inner diameter (m)

friction factor

mass flux (kg s~! m—?)

enthalpy (J kg=")

capillary tube length (m)

mass flow rate (kg s~')

pressure (Pa)

Reynolds number

temperature (°C)

specific volume (m?3 kg=")

quality

NETNFYENZOTD

Greek letters

B slope of Eq. (4)
" viscosity (kg m~! s71)
T the ratio of the circumference of a circle

to its diameter (=3.14159...)

Superscripts and Subscripts
* dimensionless parameter

3 point 3 in Fig. 1

ch choked or critical condition

e evaporating

f saturated liquid
saturated vapor

in inlet

liq liquid region

out outlet

pre predictor

r reference point

tp two-phase region

However, the consideration of the choked flow condition
caused the iterative calculation. Therefore, the approx-
imate analytic model is not an explicit solution yet and
had better be transformed into some explicit functions of
the refrigerant mass flow rate or the capillary tube length.

In this work, the explicit approximate analytic solu-
tion of the refrigerant mass flow rate through an adia-
batic capillary tube or that of the capillary tube length
for the desired mass flow rate have been developed on
the basis of the previous work [15,16].

2. Brief of previous work
In engineering, the flow in adiabatic capillary tubes

can be treated as a homogeneous equilibrium flow [16].
Although the mass flow rate of adiabatic capillary tubes

will be underestimated if the effect of underpressure of
evaporation is not considered, the quantification
method is not mature and the deviation of under-
estimation is not obvious [7,16]. Therefore, it was not
considered in the previous work [15,16], nor in this
work.

The governing equations are as follows:

dG

az =" 0]

d(h+1G6*?)

~ar ° @

—dp = szv+iGZVdL €)
2D

Here, are G the mass flux, p the pressure, v the specific
volume, / the specific enthalpy, f the friction factor, D
the inner diameter, L the length of the capillary tube.

Yilmaz and Unal [15] assumed that the process in
capillary tube is isenthalpic. It is a good approximation
of the adiabatic process in capillary tube. Based on the
Clausius—Clapeyron equation, Yilmaz and Unal estab-
lished the following approximate relation between v and
p in two-phase region.

vi=1+p(1/p" = 1) 4)

where, p* = p/p:,v* = v/v.. Subscript r stands for the
reference point. The reference point was defined as the
crossing point of the isenthalpic line and the saturated
liquid line in the pressure—enthalpy diagram, namely

palh

13)

h
(a) subcooled inlet in throttling process

p

h
(b) two-phase inlet in throttling process

Fig. 1. Schematic of throttling process.
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point 3 in Fig. 1. The slope of Eq. (4), B was evaluated by

B =2.62x 10°/p}7 (5)

where, ps is the pressure at point 3.

As shown in Fig. 2, linearity of Eq. (4) is fairly good.
Yilmaz and Unal [15] showed the good linearity for
some pure refrigerants. The authors tested it for more
refrigerants and refrigerant mixtures and found it is
available for refrigerant mixtures, too. For the purpose
of perspicuity, only part of them is shown in Fig. 2.

The mean slope of each line similar to those in Fig. 2
is calculated under different operating conditions and
plotted in Fig. 3. It can be found that Eq. (5) is a good
correlation for not only refrigerants but also refrigerant
mixtures. Since the refrigerant mixtures were not con-
sidered by Yilmaz and Unal [15], they can be regarded
as the independent verification. A better correlation
presented by the authors is as follows.

B=1.63x10%/p37 (6)

The slight difference between Egs. (5) and (6) might
be caused by the calculation of refrigerant thermo-
dynamic properties. Different from Yilmaz and Unal
[15], the authors use the well-known REFPROP 6.01
[17] in this work.

Zhang and Ding [16] redefined the reference point as the
start point of two-phase region, namely point 1 in Fig. 1.
Correspondingly, The slope of Eq. (4), B can be updated as

(1.63 x 10°/p37)p3

P=1+ (1.63 x 10%/p3 ) (p5 — 1)

™)

For the subcooled inlet, as shown in Fig. 1(a), the
redefined reference point is the same as that defined by
Yilmaz and Unal [15] and Eq. (7) will reduce to Eq. (6).
For the two-phase inlet, as shown in Fig. 1(b), the start

25 r
> R134a
20 L -o-R22
—+R407C
-8 R410A
15 r -4~ R507C
*".‘ --R600a
-

1/p*-1

Fig. 2. Illustration of Eq. (4).

point of two-phase region is not the saturated liquid
point any longer.

Substituting Eq. (4) into Eq. (3) and taking integral,
one obtains the length of two-phase region.

2D Pout > 2D
L, =—1 _
LI “(ﬂ + (1= Bpia) G20 —B)
X {qut -1- ln[ﬁ + (1 - ,B)qut]}s (8)

-8
where, dimensionless mass flux

G*=G\/v;/p:. )
In addition, the length of liquid region can be written
as
2D(pin —pr) _ 2D(p, — 1)
SinG?vin fnG?
Consequently, the length of a capillary tube is

;20— 1) 2Dln( o )

Lyq =

(10)

,ﬁnG*2 E :8+(1 - ﬁ)pzut
_ 2D
fipG*(1 = B)
x {p’gm—l—lfﬂln[ﬁm —ﬂ)ﬁim]}- an

Eq. (11) is the explicit approximate solution of capillary
tube length when the flow is not choked. Yilmaz and
Unal [15] did not take the choked flow condition into
account. It could lead to abnormal results in calcula-
tion. Zhang and Ding [16] considered this case by using
the critical mass flux as the maximum local mass flux.
Unfortunately, it was not explicit expression any more
and the iterative calculation was needed in their work.

60 r

50

p (MPa)

Fig. 3. Illustration of Egs. (5) and (6).
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All in all, a complete explicit approximate solution of
capillary tube length has not been developed. In addi-
tion, because Eq. (11) is a complicated implicit function
of mass flow rate, it cannot be directly transformed into
an explicit expression of mass flow rate.

3. Approximate solution of tube length (L-solution)

According to the above-mentioned previous work,
one can evaluate the approximate length of an adiabatic
capillary tube when the flow is not choked. As for the
choked flow condition, a new evaluation method differ-
ent from Zhang and Ding [16] are introduced here. It
has been proved by Chung [8].

dL
4 <0 (12)
where, if and only if the flow is choked, the equality will
be reached.

In other words, for a given mass flow rate the length of
a capillary tube will increase with descent of the evapor-
ating pressure (or the back pressure). When the evapor-
ating pressure lowers to the choked pressure, the tube
length will reach the maximum. Lowering the evaporat-
ing pressure below the choked pressure will not result in
an increase in the capillary tube length. Namely,

dL
dpout

<0 (13)

Applying Eq. (13) to Eq. (11), we have

Pow > VBG* (14)

Therefore when the flow through the capillary tube is
choked, the reduced choked pressure at the exit plane is

P =/BG* (15)

If the exit pressure evaluated by Eq. (15) is higher
than the evaporating pressure, the flow through the
capillary tube will be choked. Substituting Eq. (15) into
Eq. (11), one can obtain the length of the adiabatic
capillary tube under the choked flow condition.

200~ 1) 2_Dln< JBG* )
finG*2 S \B+(1 - BVBG*
2w
fwG2(1 = p)

{JBG* 1= Egm[p - ﬂ)/EG*]} (16)

In Egs. (11) and (16), the friction factor, especially the
two-phase friction factor, is an important factor in cal-
culation. In general, the friction factor of capillary tube
is weakly dependent on the roughness [5] and can be
evaluated by some relation as follows [7,10].

e
f=CRe @ = ( (%) (17)

where, C; and C, are empirical constants. Bittle and
Pate [7] recommended C;=0.23 and C,=0.216.

In two-phase region, the viscosity in Eq. (17) is cal-
culated by the McAdams model [18] that was recom-
mended by Bittle and Pate [7].

I x 1-x
Mip Mg e

(18)

Fig. 4 gives the distribution of two-phase friction
factor under a typical operating condition of adiabatic
capillary tube (I.D. 1 mm, length 1 m, saturated liquid
inlet at the temperature 45 °C). For the purpose of per-
spicuity, only part of refrigerants has been shown in
Fig. 4. It shows that the maximum difference of two-
phase friction factor between inlet and outlet of two-
phase region is about 10%. It means that the average two-
phase friction factor is about 5% below the inlet value.
The small variation of friction factor in two-phase region
can be explained with Eq. (17). The two-phase friction
factor varies with the viscosity. However, the variation of
the two-phase viscosity is strongly weakened by the small
exponent C,. Therefore, It is acceptable in engineering to
use the friction factor at the entrance of two-phase region
instead of the average two-phase friction factor.

Summing up the above results, the flow chart of sizing
the capillary tube length is shown in Fig. 5. There is no
iteration in judgment and calculation of the choked flow
condition.

4. Approximate solution of mass flow rate (M-solution)

According to the L-solution, one can find that the tube
length is a complicated function of the mass flux and other
parameters. It is hard to directly derive an explicit expres-
sion of the mass flow rate from the complicated function.
Therefore, we use a predictor-corrector approach to the
M-solution. At first, a predictor solution is obtained from
simplification of the L-solution. Then a corrector solution
is found on the basis of the predictor solution.

4.1. M-predictor solution

Concerning the choked flow condition, we consider
the following approximate relation.
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When the absolute value of z is far less than 1, Eq.
(19) will be of high precision. Let

z :%\/BG*‘ (20)

Considering Eq. (15) and the fact that 8 > 1, we have

—1 —1
2] :ﬂTﬁG* :%Pih < P

Normally, p¥ =0.3~0.5. Therefore, Eq. (19) is an
acceptable approximation to predictor solution when

Input operating conditions
and mass flow rate

| Choose inner diameter |

| Calculate pe, by Eq. (15) |

Is pey greater than
l/_ pe?

Calculate length Calculate length
by Eq. (11) by Eq. (16)

|

End

Fig. 5. Flow chart of sizing capillary tube length.

g. 4. Distribution of friction factor in two-phase region.

variable z is defined by Eq. (20). Substituting Egs. (19)
and (20) into Eq. (16), one has

2D(pr, — 1) 2D (,3 -1 _, . lnﬁ)
= i 1 P
L TG 7o /B G*+1InG 3
2D[1 + B(Ing — 1)]
f0G?2(1 =B

@n

Comparing the three items on the right side of Eq.
(21), we find that the second item is a small quantity
relative to other two items because G* << 1 under
typical operating conditions. Hence the second item can
be omitted and Eq. (21) is further reduced as

_2D(p;, —1) | 2D[1 + B(Inp — 1)

L
finG*2 SipG*(1 — p)?

(22)

Substituting Eq. (17) into Eq. (22) and using fi,
instead of f,, we obtain the mass flow rate under the
choked condition.

xD?
mp :T

2 (20 () - e ) =
a\ L Vel Pin (1-p)>

(23)

Similar treatment can be applied to the non-choked
flow condition. Eq. (11) is reduced as

;2001 2D
o fuG® fpG2(1 =B
X {Pim -1- 1 fﬂln[ﬂ'f' (1 - ﬂ)pZut]} (24)

Substituting Eq. (17) into Eq. (24) and using f,
instead of f,, we have
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P74 )¢ L v,uff Pin
1
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(25)

Summing up the above results, the flow chart of calcu-
lating mass flow rate through a capillary tube with the
M-predictor solution is shown in Fig. 6. No iteration is
needed in calculation.

4.2. M-corrector solution

The accuracy of the M-predictor solution might be
weakened by the above-mentioned approximation.
Based on the M-predictor solution, however, a more
accurate solution will be obtained when we apply the
M-predictor solution to the L-solution.

Concerning the choked flow condition, we substitute
the predicted results from Eq. (23) into Eq. (16) and
obtain

L= 2 (0 VG
B .fl:n,pG*2 .ﬂp,p ,3 + (] - ﬂ)\/BG;;
2
JippG*(1 = B)
{\/EG;‘, —1-7 fﬂln[m(l —ﬁ)\/BG;;]} (26)
) fon [ V/BGE =1
R e
B
- 1 1- Gy
Y\ Lhnp _finpy [ VPG "
2D ftp,p ﬂ + (1 - ﬁ)\/BG;

Similarly, we can deal with the non-choked flow
condition and obtain

* ﬁn,p qut—l
+ 1) —Jnp J Powt = 1
A

B
— P g+,
m _7-[_[)2 a _’3)2 n[ﬁ ( ﬁ)pou]} (&)
~ 4 Lﬁn,p _fin,pln<¢) Vr .
2D fip.p ﬁ"—(l —ﬁ)ann

(28)

Input operating conditions
and tube geometry

v

Calculate choked mass
flux by Eq. (23) or (27)

Calculate pg, by Eq. (15)

Is pep greater than
pe?

\LN
Calculate mass flux
by Eq. (25) or (28)

End

Fig. 6. Flow chart of calculating mass flow rate through a
capillary tube.

In the above M-corrector solution, the average fric-
tion factor in two-phase region can be estimated by
either the inlet value of two-phase region or the average
value of inlet and outlet from the M-predictor solution.

The flow chart of calculating mass flow rate through a
capillary tube with the M-corrector solution is similar to
that with the M-predictor solution, as shown in Fig. 6.
Although the M-predictor solution is necessary for run-
ning the M-corrector solution, no iteration is needed in
calculation yet.

5. Verification

To verify the above-mentioned L-solution and M-
solution of adiabatic capillary tubes, experimental data
in open literature [4,13,19-23] are used for case study.

In calculation, the average friction factor of two-phase
region is needed. As mentioned above, we can choose
either the value at the entrance of two-phase region or the
modified one with a predictor—corrector method. The
mass flow rate is not sensitive to the choice.

Deviations of measured mass flow rates from predic-
tions are shown in Figs. 7-9.

Fig. 7 shows the comparison between the measured
mass flow rates and the predictions with the L-solution.
Absolute majority of data are within £15%. As a
whole, the predictions are about 5% lower than the
measured values. It could be caused by neglecting the
effect of underpressure of evaporation. If one needs to
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Fig. 9. Deviation of measured mass flow rates from predictions with M-corrector solution.

add the underpressure of evaporation to the above-
mentioned solutions, one can easily do it with an addi-
tional pressure drop in liquid region. It will not increase
the complexity of these solutions.

Fig. 8 shows the comparison between the measured
mass flow rates and the predictions with the M-pre-

dictor solution. Most of data fall into —10-20%. The
M-predictor solution gives a higher prediction than the
L-solution because some simplifications are applied
from the L-solution to the M-predictor solution. Espe-
cially, the omitted items from Eq. (21) to Eq. (22) and
from Eq. (11) to Eq. (24) are negative and lead to higher
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values in the M-predictor solution. In addition, the
approximation of Eq. (19) will go worse if absolute
value of z is not small enough. Since the value of z will
increase with the mass flux, as seen in Eq. (20), the
deviation between the L-solution and the M-predictor
solution is larger under the large mass flux than that
under the small mass flux.

Fig. 9 shows the comparison between the measured
mass flow rates and the predictions with the M-corrector
solution. The distribution of deviation is very close to that
in Fig. 7. It means that the M-corrector solution is highly
consistent with the L-solution, although its predictor
solution is not satisfactory under the large mass flux.

From the above-mentioned comparisons, one can see
that the present approximate solutions yield good pre-
dictions to the experimental data. The deviations are
within £15 percent for absolute majority of data. It
agrees with other models developed by different research-
ers and may be considered reasonable and satisfactory on
account of the simplicity of the present method.

6. Conclusions

Approximate analytic solutions of adiabatic capillary
tube are developed in this paper. The L-solution can be
used to size the capillary tube with desired mass flow
rate. The M-solution can predict the mass flow rate of a
given capillary tube. All the solutions are explicit
expressions for the choked and non-choked flow condi-
tions. Compared with the distributed-parameter models,
the approximate analytic solutions are simple and free of
iterative calculation. Consequently, they are very easy
and fast in calculation. On the other hand, compared
with the empirical correlations, the approximate analytic
solutions are of better generalization. In addition, the
comparisons between the present solutions and the
experimental data in open literature are also satisfactory.
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